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It is wel l  known that  in the  i n i t i a l  s tage of a powerful pulse dis- 

charge  in a gas the discharge boundary moves  with acce l e r a t i on  to-  

wards the axis. In such a case Ray le igh-Tay lo r  ins tab i l i ty  [ t ]  may  
piny a s ign i f ican t  part. In some e x p e r i m e n t a l  papers on the Z-p inch ,  

even before the moment  of first constr ic t ion in fact, an ins tabi l i ty  of 

the surface discharge with respect to p inch - type  perturbations has 
been de tec ted  with an ins tab i l i ty  inc remen t  which turns out to be ap-  

p rox ima te ly  equal  to ha l f  the quant i ty  

oo = (gk) v'.  O)  

Here g is the acce l e r a t i on  of the discharge boundary, and k is 

the wave number  of the per turbat ion harmomc.  Expression (1) was 

obta ined in the we l l -known  paper of Kruskal and Schwarzschild [5], 

in which  P, a y l e i g h - T a y l o r  ins tab i l i ty  of a s e m i - i n f i n i t e  p l a sma  con-  
ta ined  by a magne t i c  field in a uniform g rav i t a t i ona l  field was stud- 

ied in par t icular ,  In der iv ing  (1) it was assumed that  the p lasma l ies 
above the hor izon ta l  p laue  y : O, and tha t  the a cce l e r a t i ng  grav i ty  

force, the m a g n e t i c  field and the wave  vector  of  the surface disturb- 

ance  of the p l a sma  have  ~mly ti~e components  gy : - g ,  B z, and 

k x = k, respect ive ly .  

It is of de f in i t e  interest  to find a d i rect  solution to the problem 
of the Ray le igh -Tay lo r  Z-pi l rch  ins tab i l i ty  in the const r ic t ion  pro- 

cess. The present paper  solves this problem for one  of  the possible 

Z -p inch  models  in the in i t i a l  s tage and, in par t icular ,  for the "snow- 

plough" mode l  [6]. 

We note  that  Z -p inch  ins tab i l i ty  up to the m o m e n t  of first con-  

s t r ic t ion  has been considered in [7] for various models ,  inc lud ing  the 

"snow-plough."  However, '  in this paper  only radia l  per turbat ions of 

the p l a s m a  surface were al lowed.  Ray le igh -Tay lo r  ins tabi l i ty  did not 

appear  in the ca l cu la t ions  of [7] because  of this restr ict ion,  a l though 

other  types of ins tab i l i ty  were inves t iga ted  in the proper manner ,  

We shal l  therefore  consider  an in f in i t e  c i r cu la r  cy l inde r  composed 

of a pe r fec t ly  conduc t ing  p la sma  at zero pressure. A current  c rea t ing  

an a z i m u t h a l  m a g n e t i c  f ield flows over  the  surface of the cy l inde r  

a long the z axis. The current  surface is dragged towards the axis un- 

der the in f luence  of the Lorentz force, en t ra in ing  the p l a sma  and 

ga ther ing  it  into an in f in i t e ly  th in  surface layer .  We shal l  consider  

tha t  the  d ischarge  boundary moves towards the axis wi th  a constant  

a c c e l e r a t i o n  g. This assumpt ion has been  e x p e r i m e n t a l l y  conf i rmed 

for the i n i t i a l  s tage of cons t r ic t ion  [4]. The radius of the  current  

shel l  R0(t) is associa ted  with the i n i t i a l  radius of the cy l inde r  R. = 

= R0 (0) by the k i n e m a t i c  re la t ion  

1 , t ~ 
�9 ~ - /  ). (~) 

Sere  t ,  is the t i m e  in which the  discharge boundary mov ing  with 

a constant  a cce l e r a t i on  g should have  reached the  axis. 

The equa t ion  of mot ion  of an e l e m e n t  of surface area dA0 - 

= P~d~dz has the form 

d d._( Mo / 
dt \ 2 ~ R o B ~  = - p ~  (P~ : - B d z ( t ) l  8n /"  (~) 

Here P0 (t) is the m a g n e t i c  pressure on the surface of  the p lasma,  

and Ma (t) is the mass per unit  length  of the cy l inde r  ga thered  up by 

the boundary.  ( : lear ly ,  

Mo (t) np  (lr - -  }fi)9 . (4) 

where p is the  i n i t i a l  p lasma density.  Equation (3) gives  

3 1 - - s /~ ( t / t , ) ' a  
P o = : : ~ - p g ~ t  ~ l - - ( t / t , )  2 ' (5) 

when (2) and (4) are t aken  into account .  

in accordance  with the model  we have  chosen we shall  consider 
further only the i n i t i a l  stage of constr ic t ion when t << t . ;  accord ing-  

ly, we shal l  everywhere  neg lec t  quant i t ies  of the order of ( t / t . )  2 in 

comparison wi th  unity.  Then (5) becomes  

B0 = 3 
Po--  8r~ - 2 992t% 

Whence 

Bo = 2 (3ap)'/"gt , 

and consequent ly  the to ta l  discharge current  should be proport ional  
to t i m e  

I U (t) = 11~ cBoR ~ = (3rip) r/.a c g R , t .  

Such an increase of current does, in fact. occur in the in i t i a l  
s tage of a discharge.  

We shal l  now inves t iga te  the s tabi l i ty  of the discharge shell ,  Let 
(% z, t) (~r' ~qo, ~z) be the sma l l  d i sp Iacement  of a pa r t i c le  

i n i t i a l l y  s i tuated on the surface of the cy l inde r  at  the  point (9, z); 
n = e r + n~ a unit vector  normal  to the surface; and dA an e l e m e n t  

of area of the perturbed surface of the cyl inder .  Then in an approxi-  
ma t ion  which is l inear  with respect to the per turbat ion 

ndA - -  [% (Ro -}- i t )  dT + ~ (q) + d% z) - -  

- -  ~(cp, z)] • [ e z d z + g ( %  z + d z ) - - ~ ( %  z)] = (6)  

Whence 

dA --  ~od'~ d~ (1 + ~ ~,. + n o  T~  + ~ 7  / '  

rr, = :\'o, - R ~  a~- ' ~ 7 /  

We find the per turbat ion of the magne t i c  f ield B i outside the 
p lasma from the equat ions 

B1 = Vl~I, ~1~1 = 0 (7) 

and from the boundary condi t ion  for the to ta l  f ield B ~ B o + B l on 

the surface of the p l a sma  

0 = n B  ~.~ erBl + nrBo.  (8)  

We shal l  consider  tha t  a l l  quant i t ies  depend on q~ and c in the 

fol lowing manne r  

e i~ �9 (9) 

Then the solut ion of the  equat ion  A~I = 0, vanishing at inf in i ty  
and sat isfying condi t ion  (8), is 

imBoK m (kr) 
•a -- kBoK m, (kRo) ~r,  (10) 

where Km(kr ) i s  Macdonald ' s  function, and the pr ime ind ica tes  dif- 

f e r en t i a t i on  with respect to the argument .  For the pressure of the 

m a g n e t i c  field on the perturbed surface of the cy l inde r  we have  

0 
gap  -= B ~- (IG -i" ~,.).-~ Bo "~ (R,,) q- 2Bu (Ho) B1 (Ho) -i ~,. ~-r  B~ (tto). 

whence,  using (7) and (10), we find 

Bo ~ Bo'-' ' ~n=h'm(kR~ i ~''' (11) 
P - P, i-*~ �9 : 8a  .'in I ~- kt:toKm,(kt~o) j ir o 

where the second t e rm obviously  represents the pressure perturbat ion.  

The equa t ion  of mot ion  of the surface e l e m e n t  hav ing  mass 
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(M0/21r) d r and area* dA after  perturbation has the form 

d IMo . [dRo , O~ 

Whence, tak ing  into account  the equat ion for the unperturbed mot ion 

(3). and also equat ions (4), (6) and (11), we obtain in an approxima-  

t ion which is l i nea r  with respect  to the pe~urba t ion  

__a a L [ ( l / * z -  l/~ O~'] 0 / - / =  (12) 2 P ~  

1 <,. < 

Further, if  we m a k e  use of Eq. (2) and the dependence  of a l l  quan- 

t i t ies  on (p and z in the form given in (9), then for the new var iab le  

n = t~ O3) 

we obtain from (12) the system of equations 

3g 2m'K m (kl l . )  X 
i m , o - - , , , . , ]  = o.  

3 g .  
TI:'" - -  ))-~- gmqr = O, ~l:'" --  3gikqr == O. (14) 

In accordance  with the remark m a d e  fol lowing Eq. (5), R. re- 

places  R0 everywhere,  Tak ing  (13) and the  in i t i a l  condi t ion  g (0) = g0, 

into account ,  we seek l i( t)  in the form 

sh rot 
~ l ( t ) = ~ ~  ~o " (15) 

Sett ing (15) in (14) gives the system of a lgebra ic  equations 

i r a ' - -  3g ( t  -I- 2m2Km ~7 3 g .  

3 g .  
tO~o ~ - -  ~ .  tm~o r = O, oa~.oz--3gik~o r = O. (16) 

A nontr iv ia l  solut ion of (16) exists if  

o ) , _  R3g. ( t  2m~Km ' {3gra~'__(3gl@~O ' 

whence  

[ t ( t  2m2Km ~ 2m~Km ~2 m2 7 % 

Thus Eq. (12) has a solut ion of the  form 

sh tot 
%= go tot (17) 

c o n t a i n m g  the unstable  mode  with 

[ ~ ( t - 1 -  2"m~'/('m "~ 
o) = = 3g ]ff~, ~ j  J- 

I L < F ~  I t  2m, Km \2 m'  "1%/ + + kn.~m----=) + mJ+k'J ~' (18) 

Before e x a m i n i n g  the relat ionships obta ined,  we note tha t  by 

se t t ing  M0 = const we arr ive at the problem solved in [8] on the in- 

s t ab i l i ty  of a radia l ly  a cce l e r a t ed  thin c y l i n d r i c a l  p l a sma  shel l  of 

constant  mass. In this case the unstable solut ion of Eq. (12) has the 

form g : g 0e ut, where u is re la ted to c(to) from (18) by 3u z = to~. 

The increase  with t i m e  of the mass of the  mov ing  Z-p inch  shel l  

exerts a substant ia l  in f luence  on the cha rac t e r  of the ins tab i l i ty .  It 

follows from (18) tha t  the unstable  per turbat ion increases  s lowly for 

*Taking into account  the change  of mass on per turbat ion compl i -  

ca tes  the equat ions considerably .  

tot < 1 and increases almost  exponent ia l ly  with an inc rement  close 

to to for tot >> 1. In order to judge whether  the per turbat ion which 

arises for t = 0 wi l l  develop during the  t i m e  under considerat ion 

t << t . ,  we introduce the ins tabi l i ty  " increment"  We; a quant i ty  
which is the rec iprocal  of the t i m e  during which the in i t i a l  perturba-  
t ion increases by a factor of e. For (17) this inc rement  is w e = 0.37 w. 
Keeping this in mind,  we shall  m a k e  a further direct  examina t ion  of 

the quant i ty  to g iven  by Eq. (18). 
\re shall  consider some par t icular  cases. First, k = 0. m * 0. 

Sine e 

K m (kTI,) t 
lira ~ o  K ' ( / c B . ) = - - - ~ ' '  

Eq. (18) becomes  

3g 
(02 = 2~** I t  - -  2m q- [(t - -  2m) 2 -F 4m~l'/'). (19) 

It  follows from this tha t  the surface of the discharge for k = 0 is 

unstable for a l l  values of m, which is quite unexpected.  It is true 

that  f o r m  ~ 1 we have  from Eq. (19) 

g t 

i. e . ,  the perturbat ions grow during a t i m e  o f ' t he  order of t .  which 
l ies outside the scope of our t rea tment ,  However. if  m >> 1, then 

, 3g--~-m ( ]/ '~ _ t )  _ 5 >~. tt.-- { ( o ~  R ,  

so that  shortwave perturbations increase over t imes  which are smal l  
compared with c t . .  Moreover, disturbances with m # 0 bend the 

l ines of force increas ing  the energy of the m a g n e t i c  field, so tha t  at 
least  such perturbat ions as are of suf f ic ien t ly  short wave length  should 

be unstable. The con t rad ic t ion  which results is associated with the 

neg lec t  of the thickness of the moving  discharge shell .  As shown in 
[8], t ak ing  into account  the f ini te  thickness  of the shel l  leads to the 

appearance  of shor t -wave  per turbat ion ins tabi l i ty .  If we apply the re- 

sult o f  [8] to our model ,  then  for k = 0 only perturbations with m < 

< R . /2a ,  wil l  be unstable,  where a is the thickness of the a c c e l e r -  

ated sheet.  Because of the inadequacy  of the mode l  we have  chosen. 

in the genera l  case,  when k ~ 0 and m * 0, Eq. (18) displays ins tab-  

i l i ty  for a l l  values  of k and m. 
We shal l  further consider  p inch- type  ins tab i l i t i es  for which m : 0, 

k * 0. From the point  of view of energy these pinches are  the most  
dangerous, s ince they bend the l ines  of force of the magne t i c  field. 

It follows from Eq. (18) that  in this  case 

1 1 

We shal l  d e t e r m i n e  the  part p layed  by the  various te rms  in the  

expression obtained.  I f  we a l low only rad ia l  d i sp l acemen t  of the 

par t ic les  in the surface of the plasma,  i, e . ,  I~ = (gr, 0, 0), then in- 

stead of system (14) there  wi l l  be only one equa t ion  

3g 
' q r " ~ ,  TI r=O 

and correspondingly instead of (20) 

3g 6 
OIr~ - -  .R .  - -  I~, 2 * 

Thus the a . - t e r m s  are associated with the ins tabi l i ty  of purely ra- 

d ia l  perturbat ions and the i r  presence in (20) expresses the we l l -known 

fact that  the magne t i c  pressure on the surface of a body of revolut ion 

with a long i tud ina l  current  is greater  where the radius is less. Since 

w r ~ l / t . ,  in the i n i t i a l  s tage of d ischarge t rea ted  ere an ins tab i l i ty  

of this type  is of no s ign i f icance .  
On the other  hand, for R. "-*" *% on passing to a p lasma with a 

flat boundary, (20) becomes  

t0~ = 3gk .  (21) 

Using expression (1) for the inc rement  of the Ray te igh-Tay lo r  in- 

s t ab i l i ty  of a s e m i - i n f t n i t e  p lasma in a g r a v i t a t i o n a l  field, we write 
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(21) in the form 

co~ = 3coo'. (22) 

llence we may conclude that the term with k in (20), due to the 
displacements of particles along the surface of the plasma, corres- 
ponds to the Rayleigh-Taylor instability. For sufficiently short-wave 
perturbations, when kR, >> ?, we have (21) and (22) instead of (20) 

and the "increment" we have introduced we ~ O. 64020. 
Here the time for development of the instability is of the order of 

It0 --(6k~---.),/-- ~ . ~  t . .  

Consequently, in the "snow-plough" model the Rayleigh-Taylor 
Z-pinch instability may play a significant part at the constriction 
stage. 
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